We prove that every functor defined on dg categories, which is derived Morita invariant, localizing, and A 1 -homotopy invariant, satisfies the fundamental theorem. As an application, we recover in a unified and conceptual way, Weibel and Kassel's fundamental theorems in homotopy algebraic K-theory, and periodic cyclic homology, respectively.
Statement of results
A differential graded (=dg) category, over a fixed commutative base ring k, is a category enriched over cochain complexes of k-modules (morphisms sets are such complexes) in such a way that composition fulfills the Leibniz rule : d(f • g) = (df ) • g + (−1) deg(f ) f • (dg). Dg categories enhance and solve many of the technical problems inherent to triangulated categories; see Keller's ICM address [11] . In noncommutative algebraic geometry in the sense of Bondal, Drinfeld, Kaledin, Kontsevich, Van den Bergh [1, 5, 6, 9, 13, 14, 15] they are considered as dg-enhancements of (bounded) derived categories of quasi-coherent sheaves on a hypothetic noncommutative space.
Given a dg algebra A, we will denote by A the associated dg category with one object and dg algebra of endomorphisms A. Let E : dgcat → T be a functor, defined on the category of dg categories, and with values in an arbitrary triangulated category [17] . The functor E is called :
(i) Derived Morita invariant if it inverts the dg functors A → B which induce an equivalence D(A) ∼ → D(B) between the associated derived categories; see [11, §3] .
(ii) Localizing if it sends exact sequences of dg categories (see [11, §4.6] ) to distinguished triangles
denotes the tensor product of A with k[t]; see [11, §2.3] .
Examples of functors satisfying conditions (i)-(iii) include homotopy algebraic Ktheory (KH) and periodic cyclic homology (HP ); see §2-3.
Now, given any dg category
is the k-algebra of Laurent polynomials. We say that the functor E satisfies the fundamental theorem if
Our main result is the following : Theorem 1.1. Assume that k is a field of characteristic zero. Then, every functor E : dgcat → T satisfying conditions (i)-(iii) satisfies also the fundamental theorem.
By taking E = KH, resp. E = HP , in Theorem 1.1 we obtain the fundamental theorem in homotopy algebraic K-theory, resp. in periodic cyclic homology :
Given a quasi-compact and quasi-separated k-scheme X, it is well-known that the derived category D perf (X) of perfect complexes of O X -modules admits a natural dg-enhancement D dg perf (X); see Lunts-Orlov [16] or [4, Example 4.5] . Moreover, the homotopy algebraic K-theory and the periodic cyclic homology of the scheme X can be recovered from the dg category D dg perf (X) by applying to it the corresponding functor; see Propositions 2.3 and 3.2. Therefore, when A = D dg perf (X), the above isomorphisms (1.0.1)-(1.0.2) reduce to :
where X[t, t −1 ] denotes the product (over Spec(k)) of X with Spec(k[t, t −1 ]).
Isomorphism (1.0.1), resp. (1.0.2), was originally established by Weibel, resp. by Kassel, in the particular case where A is an ordinary k-algebra; see [23, Theorem 1.2] and [10, Corollary 3.12]. Weibel also established isomorphism (1.0.3); see [23, Theorem 6.11] . The strategies to construct the aforementioned isomorphisms are not only very different but also quite involved. Weibel's proof makes use, in an essential way, of Bass-Quillen's fundamental theorem in algebraic K-theory while Kassel's proof makes use of the monoidal properties of periodic cyclic homology as well as of its relation with Grothendieck's crystalline cohomology [8] .
In contrast, we obtain a unified and conceptual proof that applies to isomorphisms (1.0.1)-(1.0.4) since each one of these can be obtained by a simple instantiation of the general Theorem 1.1. Moreover, to the best of the author's knowledge, isomorphism (1.0.4) is new in the literature. Theorem 1.1 uncovers in a direct and elegant way the three key conceptual ingredients that underlie the fundamental theorem. The strategy of its proof (see §4) differs radically from the one used by Weibel or by Kassel. It is based on a careful study of an explicit exact sequence, making use of an additive category, of "motivic nature" 1 , developed by the author in [21] . Due to its generality and simplicity, we believe that Theorem 1.1 will soon be part of the toolkit of any mathematician whose research comes across the above conditions (i)-(iii).
Homotopy algebraic K-theory of dg categories
In this section we introduce the homotopy algebraic K-theory of dg categories. Recall from Schlichting [19, §12.1] and [3, Notation 2.38] the construction of the non-connective algebraic K-theory spectrum functor
with values in the homotopy category of spectra [2] . This functor, although derived Morita invariant and localizing, it is not A 1 -homotopy invariant. In order to impose this latter property, we consider the simplicial k-algebra
with faces and degenerancies given by the formulae
Definition 2.1. The homotopy algebraic K-theory spectrum functor is defined as :
Proof. Note first that we have natural morphisms of k-algebras ι : k → k[t] and ev 0 , ev 1 :
Given a dg category A, the dg functor A → A[t] of condition (iii) corresponds then to
Therefore, in order to prove that the functor (2.0.6) is A 1 -homotopy invariant we need to show that the induced morphism of spectra
is an isomorphism in Ho(Sp). This follows from the equality ev 0 • ι = id and from the existence of a simplicial homotopy (see [24, Proposition 2.4] ) between the identity and the simplicial map of k-algebras
The fact that the functor (2.0.6) is derived Morita invariant and localizing follows from its own definition and from the corresponding properties of the functor (2.0.5). 
of "standard n-simplexes" over A, and from the fact that for every k-algebra B the spectrum IK(B) agrees with the non-connective algebraic K-theory spectrum of B. In what concerns item (b), we have the following equivalences
Therefore, in this particular case where A = D dg perf (X), Definition (2.0.6) reduces to (2.0.7)
hocolim n IK(D dg perf (X × Spec(∆ n ))) . The (non-connective) algebraic K-theory spectrum of the scheme X × Spec(∆ n ) (see [19, §6.5 and §12.1]) agrees with the (non-connective) algebraic K-theory spectrum of the dg category D dg perf (X × Spec(∆ n )); see [11, Theorem 5 .1] and [19, §8 Theorem 5]. Hence, the above homotopy colimit (2.0.7) can be identified with hocolim n IK(X × Spec(∆ n )) .
Finally, since X is quasi-compact and quasi-separated, we conclude that this latter spectrum is equivalent to the one defined by Weibel in [23, Definition 6.5] usinǧ Cech's cohomology descent; see §9.11] . √
Periodic cyclic homology of dg categories
In this section we recall the periodic cyclic homology of dg categories. (a) When A is derived Morita equivalent to A, with A an ordinary k-algebra, then HP (A) is isomorphic to the periodic cyclic homology of A. (b) When A is derived Morita equivalent to D dg perf (X), with X a quasi-compact and quasi-separated k-scheme, then HP (A) is isomorphic to the periodic cyclic homology of X.
Recall from Feigin-Tsygan [7] that when A is the coordinate k-algebra of an affine algebraic variety V over a field k of characteristic zero, HP (A) is isomorphic to the crystalline cohomology of V defined by Grothendieck [8] as a generalization of de Rham cohomology for singular varieties.
Proof of Theorem 1.1
We start by studying the behavior of the functor E with respect to gradings. the other hand, we have the following commutative diagram in dgcat
where H is the dg functor that sends an homogeneous element a n ∈ A of degree n to a n ⊗t n . Since id ⊗(i•p) = (id ⊗i)•(id ⊗p) it suffices to show that the dg functors id ⊗ id ⊗ev 0 and id ⊗ id ⊗ev 1 become invertible after application of the functor E. As a consequence of the relations
it is enough to show this latter claim for the dg functor id ⊗ id ⊗ι. Finally, this follows from the fact that the composition
corresponds to the dg functor of condition (iii), with A replaced by A ⊗ A. √
We now study the localization of the k-algebra k[t] at the multiplicative set {1, t, t 2 , t 3 , . . .}. Following Keller [12, §4.1] this localization gives rise to an exact sequence of triangulated categories
Some explanations are in order: k[ξ]/ξ 2 is the graded k-algebra of dual numbers, where ξ is of degree 1, and X is a k[ξ]/ξ 2 -k[t]-bimodule X whose restriction to k[t] is the following projective resolution 
in Hmo. Given an arbitrary dg category A, Drinfeld's Proposition [5, Proposition 1.6.3] furnish us then the following exact sequence of dg categories
We now study the behavior of the functor E with respect to the exact sequence (4.0.14). Notice that since E is derived Morita invariant, it descends to the homotopy category Hmo, i.e. the localization of dgcat with respect to the class of derived Morita equivalences. Moreover, since E is also localizing, the above exact sequence (4.0.14) is sent to the distinguished triangle Proof. We start by briefly recalling from [21] the construction, and the universal property, of the additive category Hmo 0 . Its objects are all dg categories. Given dg categories A and B, the abelian group of morphisms in Hmo 0 from A to B is the Grothendieck group K 0 rep(A, B) of the triangulated category rep(A, B) . Composition is induced, as in Hmo, by the (derived) tensor product of bimodules; see [21, §6] . Notice that we have a natural (composed) functor A, B) . In [21, Theorem 6.3] it was proved that (4.0.16) is the universal functor, with values in an additive category, which is simultaneously derived Morita invariant (see condition (i)) and additive. By additive we mean that it sends split exact sequences of dg categories (see [20, §13] ) to direct sums
Moreover, the symmetric monoidal structure on dgcat (given by the tensor product) was extended to Hmo and to Hmo 0 , making the functor (4.0.16) symmetric monoidal.
We now study the morphism E(id ⊗X) making use of the above functor (4.0.16). Observe that we have the following commutative diagram in Hmo Since the morphism P becomes zero in the additive category Hmo 0 and the functor (4.0.16) is symmetric monoidal, the morphism id ⊗P in diagram (4.0.19) also becomes zero in Hmo 0 . Now, note that every triangulated category is in particular an additive category, and that the notion of localizing functor of condition (ii) implies the above notion (4.0.17) of additive functor. Therefore, since E is simultaneously derived Morita invariant and localizing, the universal property of (4.0.16) allow us to conclude that E factors through Hmo 0 . We obtain then a commutative diagram This concludes the proof.
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